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The Low equation is derived in a functional approach to the reduction of the S matrix in the
canonical formalism. This establishes the vacuum expectation value of the scattering matrix as the
generating functional of non-forward Green functions, without reference to external currents. The
method provides an alternate derivation of non-perturbative results of field theory, such as the Low
equation, and considerably simplifies their derivation as well as that of the rules of perturbation
theory, the LSZ reduction formula, the Dyson-Schwinger equations and crossing symmetry. The
approach is employed to further develop the Low equation via reduction of the fermionic sector to
obtain a reduced Dyson-Schwinger equation for boson-fermion scattering.
Functional methods in field theory have proven to be
useful in the development of an array of non-perturbative
and perturbative results. The path integral approach,
formulated through an invariant Lagrangian functional
of c-number fields and external currents, constitutes the
canonical example of this success. The complemen-
tary, and at least empirically equivalent, approach of the
canonical quantization of a classical field theory is based
on the algebra of annihilation operators and their Her-
mitian adjoints. The purpose of this Letter is to develop
a functional approach to the operator algebra within the
canonical formalism, an immediate consequence of which
is the identification of the vacuum expectation value of
the S matrix as the generating functional of the scat-
tering and reaction amplitudes of the theory. In ad-
dition, the interpretation of the field operators as non-
commuting operators may be abandoned. Only time
ordering and the Grassmanian algebraic properties of
fermionic fields need be taken into account.
Functional methods have been employed in the canon-
ical formulation in previous works. Schweber[1] consid-
ered a functional-derivative representation of the field
commutator in a derivation of the scattering matrix el-
ements in terms of Heisenberg field operators in the
Ka¨lle´n-Yang-Feldman formalism. The present study may
be viewed as an extension of the functional-derivative
representation of the commutator of Ref.[1]. Functional
representations of the S matrix have also been consid-
ered extensively by Rzewuski and Garbaczewski[2] in the
study of convergence and asymptotic behavior of field
theory, and by Efimov[3], in the proof of S-matrix unitar-
ity. The functional approach of determining the relation-
ship between time-ordered and normal ordered products
given by Akhiezer and Berestetski˘ı[4] is closely related to
that given here with rather a different emphasis. Their
method has focused, in particular, on the determination
of the rules of perturbation theory.
A classic example of a non-perturbative result in quan-
tum field theory is the Low equation [Eq.(14)] for boson-
fermion scattering[5]. The matrix element for meson-
nucleon scattering is
Sfi = 〈p
′|aj(q
′)Sa†i (q)|p〉, (1)
where p(p′) is the nucleon initial (final) three-momentum,
q(q′) is the meson initial (final) three-momentum, i(j) is
the three-component of the meson isospin, i, j = ±, 0,
and ai(q) is the annihilation operator. The subscript
i(f) is short-hand for the initial (final) states pqi(p′q′j),
suppressing the nucleon spin. The scattering operator S
in the Dirac (interaction) representation is
S = Pe−i
∫
∞
−∞
dtHI(t), (2)
where HI is the interaction Hamiltonian and P is the
Dyson chronological product (DCP).
The standard reduction of the bosonic sector of the S
matrix evaluates the commutators
Sfi = δijδ
(3)(q − q′)〈p′|S|p〉
+ 〈p′|
[
aj(q
′),
[
S, a†i (q)
]]
|p〉, (3)
and employs the Dyson series for the S matrix[6] by re-
peated application of the commutator identity [ab, c] =
a [b, c] + [a, c] b. In the present work, we replace the
manipulations of the annihilation operator algebra with
those of functional differentiation. In so doing, we exploit
an isomorphism of the annihilation operator algebra with
that of a derivation over functionals of annihilation op-
erators and their adjoints. This is accomplished through
the following relation:
[
F [a, a†], a†i (q)
]
=
δF [a, a†]
δai(q)
, (4)
and it’s Hermitian conjugate. The application of Eq.(4)
to the commutators in Eq.(3) constitutes the functional
reduction of the S matrix in the canonical formalism.
We emphasize that, in contrast to the path integral for-
mulation of field theory, the functional derivatives in the
canonical approach considered here are of the S matrix
2(or its vacuum expectation value) and with respect to the
fields. No classical, external currents or fields have been
introduced.
A particular example of the use of this relation is af-
forded by letting F be the isospin i meson configuration
space field operator, φi(x):
δφi(x)
δaj(q)
= δji
e−iq·x
(2pi)3/2(2ωq)1/2
=
[
φi(x), a
†
j(q)
]
. (5)
This relation establishes the isomorphism of the commu-
tator to the functional derivative, reproducing Eqs.(1.3)
and (1.4) from Ref.[5], although with a different normal-
ization for the pion wave functions.
Replacing the operator algebra by the functional cal-
culus, for functionals of both fermionic (see below) and
bosonic fields, such as the S matrix, is useful for the sim-
plification of the derivation of non-perturbative results of
canonical field theory – the Low equation[5], for example.
This technique offers an alternative to either the annihi-
lation operator calculus or the path-integral approach. It
permits the derivation of the Low equation, the Feynman
rules, the Dyson-Schwinger equations, and other estab-
lished results with a significant reduction of work and
complexity, compared to the operator algebra approach.
Additionally, we see the S matrix in a new light. Gener-
ally, the in-vacuum-to-out-vacuum amplitude is the gen-
erating functional for all scattering processes involving
on- or off-shell particles, in any combination (see Eqs.(20)
and (21) below).
As a specific application of the functional approach in
the canonical formulation of field theory we consider the
determination of the non-forward scattering matrix ele-
ment for meson-nucleon scattering. We first consider just
the reduction of the S matrix in the bosonic sector. Em-
ploying Eq.(4) to write Eq.(1) in terms of the functional
derivatives with respect to the annihilation operators and
their adjoints, we obtain
aj(q
′)Sa†i (q) = a
†
i (q)Saj(q
′) + δijδ
(3)(q′ − q)S
+
δS
δaj(q′)
ai +
δ
δa†j(q
′)
δS
δai(q)
. (6)
Neglecting terms that vanish upon taking the expectation
value of this expression with respect to the meson vacuum
gives
δ
δa†j(q
′)
δS
δai(q)
= aj(q
′)Sa†i (q)− δijδ
(3)(q′ − q)S. (7)
This result will be useful in the derivation of the Low
equation. Comparison of Eq.(3) with Eq.(7) demon-
strates the relationship between the nested commutator
and the second functional derivative with respect to the
annihilation operator and its adjoint. We note that for
the generic functional F = F [a, a†], the symmetry of the
order of differentiation
δ
δa†j(q
′)
δF
δai(q)
=
δ
δai(q)
δF
δa†j(q
′)
, (8)
is ensured by the Jacobi identity and
[
ai(q), a
†
j(q
′)
]
=
δijδ
(3)(q − q′).
Equation (7) is the result that functional derivatives of
S with respect to the annihilation fields and their adjoints
yields the non-forward S-matrix element (upon calculat-
ing the above operators’ expectation value in the meson
vacuum). This is reminiscent of the familiar result in
the Lagrangian, path integral formulation wherein func-
tional derivatives of a generating functional with respect
to classical, external currents yield the scattering and re-
action amplitudes. Here we have derived a functional
result within the canonical formalism of field theory.
Using Eq.(7) we turn to the derivation of the Low equa-
tion, Eq.(1.9) in Ref.[5]. We require the calculation of the
functional derivatives of S [Eq.(2)]:
δS
δai(q)
= −iP
{
e−i
∫
∞
−∞
dtHI (t)
∫ ∞
−∞
dt
δHI(t)
δai(q)
}
. (9)
We have exploited the property of the DCP that allows
us to disregard the noncommutativity of its arguments
in the above relation. We might note in passing that
the DCP gives a representation of the operator ordering
calculus of Feynman[7].
The following results can be derived independently of
the specific form of the interaction Hamiltonian func-
tional, HI(t), as discussed below. However, to be con-
crete, we consider the form taken by Low[5]:
HI(x) = ig0ψ¯(x)γ5τiψ(x)φi(x) +
1
4λ[φi(x)φi(x)]
2
− δmψ¯(x)ψ(x) − 12δµ
2φi(x)φi(x), (10)
with x ≡ (t,x) and HI(t) =
∫
d3xHI(x). The functional
chain rule is employed as:
δHI(t)
δai(q)
=
∫
d4x′
δφk(x
′)
δai(q)
δHI(t)
δφk(x′)
, (11)
where a
∑
k is implied. Using the above relations, we
obtain
δHI(t)
δai(q)
=
∫
d3x
e−iq·x
(2pi)3/2(2ωq)1/2
Ji(x), (12)
Ji(x) = ig0ψ¯(x)γ5τiψ(x) − δµ
2φi(x)
+ λφj(x)φj(x)φi(x). (13)
It is straightforward from this point to evaluate the
functional derivatives of S in Eq.(7) required for the
3meson-nucleon scattering matrix element. We have
δ
δa†j(q
′)
δS
δai(q)
= (−i)2
∫
d4x′d4x
eiq
′·x′e−iq·x
(2pi)3
√
4ωq′ωq
(∂2x′ + µ
2)(∂2x + µ
2)
× P [Ω†(∞)φj(x
′)φi(x)Ω(−∞)]. (14)
where Ω(t) = ei(H0+HI )te−iH0t. In obtaining Eq.(14),
an operator relation, we have ignored disconnected terms
and those that have vanishing vacuum expectation value,
used
δJi(x)
δφj(x′)
= δ(4)(x− x′)
[
− δµ2 + λ(2φk(x
′)φi(x
′)
+ δkiφj(x
′)φj(x
′))
]
, (15)
the boson field equation of motion, (∂2 + µ2)φi(x) =
−Ji(x), and the relation between operators, O(x) =
Ω(x0)O(x)Ω†(x0) in the Heisenberg and Dirac repre-
sentations; Heisenberg operators are denoted in bold-
type. Taking the vacuum expectation value of Eq.(14)
and using the relationship between the in- and out-
vacuum states, Ψ± and the Dirac representation vac-
uum, Φ, Ψ± = Ω(∓∞)Φ gives the main result of Ref.[5],
Eq.(1.9), the Low equation. It also provides an indepen-
dent derivation of the LSZ reduction formula[8]. Note
that despite the choice of a specific form for the inter-
action Hamiltonian [Eq.(10)] the result of Eq.(14) is in-
dependent of the particular local, field-theoretic model
assumed[9].
The fermionic sector is amenable to a generalization of
the above procedure. Defining left- and right-derivatives
with respect to fermion (antifermion) annihilation opera-
tors and adjoints bs(p), b
†
s(p) (ds(p), d
†
s(p)) for spin-s, and
momentum p, according to the Grassmann algebra, we
obtain:
δ
δb†s′(p
′)
S
←−
δ
δbs(p)
= bs(p
′)Sb†s(p)− δs′sδ
(3)(p′ − p)S.
(16)
The fermionic derivatives commute with the bosonic
derivatives in Eq.(14) and we obtain for the meson-
nucleon scattering amplitude
δ
δb†s′(p
′)
δ
δa†j(q
′)
S
←−
δ
δai(q)
←−
δ
δbs(p)
= (−i)2
∫
d4x′d4x
eiq
′·x′e−iq·x
(2pi)6
√
4ωq′ωq
m√
Ep′Ep
Ω†(∞)
×
{
up′s′
{[
(−ig0)
2γ5τjT (ψ(x
′)ψ¯(x))γ5τie
ip′·x′eip·x
− ig0γ5τj
∫
d4x1T (ψ(x
′)Ji(x)j(x1))e
ip′·xe−ip·x1
− ig0
∫
d4x1T (j(x1)Jj(x
′)ψ¯(x))γ5τie
ip′·x1e−ip·x
]
+
[
x′j ↔ xi
]}
ups − iT
{
Jj(x
′)Ji(x)
∫
d4x1d
4x2
× up′s′
[
− ij(x1)j(x2) + δ
(4)(x1 − x2)
× γ5τkφk(x1)e
i(p′−p)·x1
]
ups
}}
Ω(−∞), (17)
where we have neglected terms that have vanishing vac-
uum expectation value as well as disconnected terms and
introduced, as usual, the time-ordering operator T for
Dirac fields, which coincides with the DCP for bosonic
operators. In Eq.(17), we have also defined the current,
j(x) as the inhomogeneous term in the nucleon field op-
erator equation of motion, (i/∂ −m)ψ(x) = j(x). Upon
taking the vacuum expectation value of the above expres-
sion we recover the reduced Dyson-Schwinger equation
for piN → piN scattering[10]. The expression above can
be simplified further by employing the Heisenberg equa-
tions of motion of the field operators, which would yield
the bosonic and fermionic LSZ reduction of the piN→piN
S matrix. Crossing symmetry follows immediately in this
approach since, for example, both δ/δbs(p) and δ/δd
†
s(p)
are proportional to δ/δψ(x).
It is useful to consider each term in the above expres-
sion in terms of its perturbation expansion. The first
term is the exact fermion propagator taken between bare
vertices. It may be expanded in a series of one-particle
irreducible graphs in the usual way and corresponds to
s-channel structure of the amplitude, partly determining
resonance poles and threshold branch points; the corre-
sponding meson-crossed term yields u-channel structure.
The following two terms correspond to diagrams which
have bare couplings at one vertex and three-point func-
tions at the other vertex. These three-point functions,
formed of products like jJψ¯, correspond to vertex and
external particle renormalization in the perturbation the-
ory. The next three exchange terms, [x′j ↔ xi] are the
crossed-meson contributions, as mentioned. The penulti-
mate term, proportional to JJjj, corresponds to graphs
with at least two meson vertices on external fermion lines,
corresponding to internal meson propagators. The last
term gives, at lowest order, the one-loop, fermion trian-
gle graph.
In addition to simplifying the derivation of non-
perturbative results within canonical field theory the
functional reduction of the S matrix may be applied, with
significant pedagogical value, to the problem of deriving
the rules of perturbation theory. As an illustration, we
continue to work with the piN system with interaction
described by Eq.(10). We consider the matrix element
for piN scattering
δ
δb†s′(p
′)
δ
δa†j(q
′)
S(2)
←−
δ
δai(q)
←−
δ
δbs(p)
, (18)
where S(2) is (−i)
2
2
∫
dt1dt2P [HI(t1)HI(t2)]. (The zeroth
and first-order S make no contribution to the piN→piN
4process since there are four functional derivatives.) Using
the identity
δ
δbs′(p′)
P [Jj(x
′)Ji(x)]
←−
δ
δbs(p)
= T
(
δJj(x
′)
δb†s′(p
′)
δJi(x)
δbs′(p′)
)
+ T
(
δJi(x)
δb†s′(p
′)
δJj(x
′)
δbs′(p′)
)
, (19)
where δ
δb
s′
(p′) is the right-derivative, one obtains the stan-
dard s- and u-channel nucleon exchange tree-level ampli-
tudes, which correspond to the first and second terms of
Eq.(17), at leading order in the bare coupling constant,
g0. Equation (19) is readily generalized to the higher
n-point functions where n > 2[11].
Generalizing to processes involving n incident andm fi-
nal asymptotic state particles, one arrives at the relation-
ship between the Heisenberg vacuum-to-vacuum tran-
sition element, (Ψ
(−)
0 ,Ψ
(+)
0 ) = (Φ0, SΦ0) and the non-
diagonal (ND) S-matrix elements:
〈p′1 · · · p
′
m; out|p1 · · · pn; in〉 =
ND
δ
δc†1(p
′
1)
· · ·
δ
δc†m(p′m)
(Φ0, SΦ0)
←−
δ
δcm+1(p1)
· · ·
←−
δ
δcm+n(pn)
,
(20)
where ci, i = 1, . . . ,m+n corresponds to the annihilation
operator appropriate to the relevant particle or antipar-
ticle single-particle states. A consequence of the above
relation is that the vacuum expectation value S-matrix
functional (Φ0, SΦ) may be represented as
(Φ0, SΦ0) =
∑
m,n
∫
d3p′1 · · · d
3p′m
∫
d3p1 · · · d
3pn
c1 · · · cmMmnc
†
m+1 · · · c
†
m+n, (21)
where Mmn is the non-forward scattering (or reaction)
matrix element for n incident and m final state particles.
This representation of the vacuum expectation value of
the S matrix raises the interesting possibility of evaluat-
ing the scattering and reaction amplitudes numerically.
Importance sampling of the phase of (Φ0, SΦ0) and nu-
merical evaluation of the functional derivatives may offer
an approach complementary to lattice studies that eval-
uate correlation functions numerically.
The preceding results have all been derived by func-
tional differentiation with respect to the momentum
eigenstate annihilation operators and their adjoints. It
is perhaps worth mentioning here that much of the anal-
ysis can be repeated by differentiating with respect to the
configuration space field. The boson field, for example,
has
δ
δai(q)
=
∫
d4x
δφk(x)
δai(q)
δ
δφk(x)
,
=
1
(2pi)3/2
1√
2ωq
∫
d4xe−iq·x
δ
δφi(x)
, (22)
Additionally, results off the mass-shell may be obtained
by considering the effect of functional derivatives with
respect to fields of the n-point functions of the theory,
rather than directly on the S matrix. An example of this
is the relationship
δ
δai(q)
T (ψ(x′)ψ¯(x)) =
1
(2pi)3/2
1√
2ωq∫
d4x1 e
−iq·x1T (ψ(x′)ψ¯(x)J(x1)) (23)
between the two-point and three-point Green functions.
The above analysis can be carried out in its entirety
for any set of fields and assumed interaction Hamiltonian
including gauge fields and fields of higher spin.
The functional reduction of the S matrix has been de-
veloped as a ‘third way’ to derive results of fundamen-
tal importance in non-perturbative and perturbative field
theory. The approach is equivalent in all its consequences
to the operator algebra approach of canonical field theory
and complementary to the path integral formulation. We
have reproduced the Low scattering equation for fermions
and bosons, the LSZ reduction, and the Dyson-Schwinger
equations through a simplified computational technology.
The identification of the vacuum expectation value of the
S matrix as the generating functional over annihilation
operators and their adjoints is established. Finally, it is
hoped that the method will have pedagogical value to
establishing both the rules of perturbation theory and
non-perturbative results. This hope stems from the fa-
miliarity of the rules of differentiation (Leibniz, chain,
etc.) at the small expense of learning the functional cal-
culus.
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